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Wherever fractional notation of the form p/q occurs in this paper, p and q denote relatively prime positive integers. The rational number p/q is a best approximate to α (e.g., Lang [L] ) if for every b/c having denominator c < q, |qα − p| < |cα − b|.
(1)
These conditions imply q|α − p/q| < c|α − b/c| < q|α − b/c|, so that
which is to say that p/q is nearer α than any b/c having c < q. However, (1) is stronger than (2), as exemplified by (α, p/q, b/c) = (1, 3/5, 1/2); in other words "best approximate" is "better" than "nearest approximate". Given a positive irrational number α, the principal convergents p i /q i to α are well known to be the best approximates to α; this theorem lends itself to a lemma proved in [L] : 
Before solving for p/q in these cases, we note that the analogous problem for "nearest" lower and upper approximates is solved in Perron [P, pp. 55-63] , where, ironically, they are called "beste Näherungen". Perron's solutions are the same as those obtained below -a surprise in view of the aforementioned nonequivalence of "nearest" and "best".
For irrational x, let ||x|| denote the distance from x to the integer nearest to x. Let x denote the greatest integer ≤ x, and define ((x)), the fractional part of x, by ((
and (1) 
for i ≥ 0. The principal convergents of α are the rational numbers p i /q i for i ≥ 0. Now for all nonnegative integers i and j, define
The fractions
are the i-th intermediate convergents of α. As proved in [L, p. 16] ,
and
. . and j = 1, 2, . . . , a i+2 − 1. If the range of j in (4) is extended to 0 ≤ j ≤ a i+2 − 1, then the principal convergents are included among the intermediate convergents. We shall refer to both kinds as simply convergents, those in (5) as even-indexed convergents, and those in (6) as odd-indexed convergents. Suppose now that q ≥ 1. Taking x = qα in (3) gives ||qα|| = |qα − p|, where
Lemma 2 If p i /q i are the principal convergents to a positive irrational number α and i is even, then ((q
for j = 1, 2, . . . , a i+2 − 1.
Proof. The first assertion merely expresses the fact that the integer nearest q i α is p i for even i > 0, and that the integer nearest q i+1 α is
Since (( jq i+1 α)) is an irrational number having the same fractional part as j((q i+1 α)) − j + 1, identity (7) is proved. Continuing,
Thus for 0 ≤ j ≤ a i+2 − 1, we have
and (8) follows from (7). ᮀ
Lemma 3 If p i j /q i j are the convergents to a positive irrational number α and i is even, then
Proof. When j = 0, we are dealing with principal convergents, hence best approximates to α, so that ||q i0 α|| > ||q i+1,0 α|| > ||q i+2,0 α||,
Next, using Lemma 2, we find for j = 0, 1, . . . , a i+2 − 2 that
whence a i+2 ((q i+1 α) ) > a i+2 − 1, and
Theorem 1 The best lower approximates to a positive irrational number α are the even-indexed convergents to α.
Proof. Suppose q i j is an even-indexed convergent, and c is a positive integer such that ((cα)) < ((q i j α)). We wish to show that c > q i j . By Lemma 3, ((cα)) < ((q i α)), so that ||cα|| < ||q i α||, which by Lemma 1 implies c ≥ q i+1 . If c = q i+1 , then ((cα)) = ((q i+1 α)), which by Lemma 3 implies
a contradiction. Also, clearly, c = q i j , so it remains to consider the possibility that
and, using Lemma 2, 
Proof. It is easy to verify that
The rest of the proof is routine and omitted. ᮀ
Theorem 2
The best upper approximates to a positive irrational number α are the odd-indexed convergents to α.
Proof. Suppose p i j /q i j is an odd-indexed convergent to α. Suppose also, contrary to (1U), that there exists b/c, with denominator c < q i j , such that
Substituting a 0 + 1 − α for α and using principal convergents, we then have 
